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Opgave 1 (20 pnts in total)
The electron in a hydrogen atom occupies the combined spin and position state

U = Ry (\/51/171)(4. + \/ngox_)/\/ﬁ + RQ()}/;)OX_/\/i

5 pnts a. What values might you get and with what probabilty if the following quantities are
measured:

(i) L2
(i) S2
(iii) S..
iv) J

(iv) J, (where J = L + S).

5 pnts b. Calculate the expectation value of:
(a) L.
(b) Sa
(c) r.
3 pnts c. Calculate ® = J_ V¥ where J_ =L_+ 5_.
3 pnts d. Calculate the expectation value of J2.
4 pnts e.In a measurement r as well as mg (the z-projection of the electron spin) are measured.

Give the probability density for finding the electron with ms; = +1/2 at a distance r
from the origine.



Opgave 2. (20 pnts in total)

2 pnts a. Give the time independent Schrodinger equations for the problem of an infinite square
well in 2 dimensions,

0 for0<z<aand0<y<a
oo otherwise

Viz,y) = {

Do not forget to specify also the boundary conditions.

6 pnts b. Solve for the energies and wave functions.
2 pnts c. Specify the degeneracy of the first and second excited states.
5 pnts d. We add now a perturbation H’ to the Hamiltonian,

I — Vo, for0 <z <a/4and0<y<a/l
1 0, otherwise '

Give the energy of the ground state in first order perturbation theory. (In case you
could not solve part b, assume some reasonable sine or cosine functions for the ground
state.)

5 pnts e. Same as the previous part, but now for the first excited state

Problem 3 (15 pnts in total)
A particle moves in a one-dimensional potential given by
{ VO(%Z—%) forx >0

V p—
(z) 00 forx <0

where V, > 0. To find an approximation for the energy of the ground state we will use the
following tryal function using a trial wave function of the form

A 2?7 for
e =0
2 pnts a. Determine the normalization constant A.
5 pnts b. Calculate the expectation value of the kinetic energy < T >.
5 pnts c. Calculate the expectation value of the potential energy < V' >.

3 pnts d.Use variational calculation to obtain the best approximation to the ground-state energy.



Opgave 4 (20 pnts in total)
The matrices representing S, Sy and S, for a particle of spin 1 are:

st (Vo] sV 0 D) soafoo o
x\/ﬁ0107y\/§0107Z 00 -1

5 pnts a. Calculate the commutator [S,, S,] explicitly.

5 pnts b. In a measurement of S, it is found to be +h. What is the state vector immediately

after the measurement?

c. Suppose that the particle is placed in a magnetic field of magnitude B, which is parallel
to the z-axis. The Hamiltonian in this case is given by H = —yB - S. At t=0 the the

1
. . 1
particle is the state 7 0
1
2 pnts (i) Express the Hamiltonian as a (3 x 3) matrix.

4 pnts (ii) Calculate the state of the system at a time ¢ > 0.

4 pnts  (iii) Calculate t-dependence of the expectation value of S,,.

Opgave 5 (15 pnts in total)
The rate for spontaneous emission of a photon with energy hw = E, — E} is given by

4wda|P?
—_— 1
3c? (1)

where P =< a|r]b > and o = 1/137 is the fine structure constant. Ignore spin for this
problem. You may express all answers in terms of fundamental constants such as «, m,, c.

Aaﬂb =

2 pnts a. Show that the units in this equation work out correctly.
2 pnts b. To which level(s) can the 2s and the 2p levels in hydrogen decay?
3 pnts c. Specify the complete radial and angular dependence of the wave function for a 2s

electron as well as for a 2p electron in hydrogen.
3 pnts d. Calculate the spontaneous-emission rate for the 2s level in hydrogen.

5 pnts e. Calculate the spontaneous-emission rate for one of the 2p levels in hydrogen.



(01 0 —i 1 0
Pevz = {1 0) i 0o ) \lo -1
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(G- A)&-B)=A-B+id-(Ax B)

Harmonic oscillator wave functions.
Solutions for a harmonic oscillator potential V(z) =

U = (2'00/m) V2 H,, (y)e Y/

with y = y/mw/h , where the Hermiet polynomials for n < 4 are given as

Ho(y) = 1

Hi(y) = 2y

Hay(y) = 4y°—2

Hs(y) = 8y*—12y

Hy(y) = 16y* —48y% +12

Matrix elements:

<nl?n > = <n|p*n> /(mw)? = (2n +1) %
h
2 2 2
—2> = — —9 - 1)
< n|z*|n > < nl|p*|n > /(mw) n(n—1) Yo
3/2
<nl®ln—1> = 3n? (h>
2mw
A 3/2
3
—3> = (-2 (——
< nl|z’|n > \/n(n )(n —2) (2mw>
1 hoy?
= |2 1 2 2n —1)(2 D] | =—
< n|z*n > 2n+1)(n+2)+(2n—1)2n + H(Qmw)
1 hoy?
9> = 202n—1 1) (A
< nl|z*|n > (2n —1)y/n(n—1) (2mw)
2
<natfn-4> = \fa(n—1)n—2)(n-3) (Q:M>
Hydrogen wave functions.
R, (r) are hydrogen-like wave functions with £, = —a?m.c?/2n? = —13.6 eV/n?,

ag = h/meca and o = €% /he = 1/137.
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Spherical harmonics Y;™.

1 [3 .. I3
YY = Tin Y= — ge‘ﬁ sinf ;YL = o cosf
1 ; 15 .
Yi = ”32%62@ sin?@ ;Y = —\/S—iezd’ sinf cosf ;Y3 = ”16% (3cos?0 —1) ,
with ;7™ = (=1)™[Y;"]*, and the normalization condition:
, 2m ™ ,
/ 40 [V (Q)]  YiY' (Q) = / do / sin 6.d6 [Y7™ (Y (Q) = 6140 S
0 0

Ly=Ly+il, and Ly ¥ =m/i(l+1) —m(m+1) ¥

Lo=L,—il, and L_Y{"=m/i(l+1)—m(m—1)¥"".

DPP=L24+ L +L2=LyL_+L?—hL,=L_L,+L.+hL,

In addition:

11, j,m; > =

‘lajamj > =

with m =m; —1/2.

l+m+1

\ ST +>+U2l+1|Ylm+1X > forj=1+1/2
[+m+1

S > g x> forj=i-1/2

(21)

(22)
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oo
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xe “sin(brx) dx
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0 ain?
/ sin”(px) da
0

2

o 1 eikxdx
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a
/ 2% sin? nrx/a da
0
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a 1
/ 2% cos*(n — =)mx/adx
0 2

/ sin™ 0 df
0

2 .
- sin (aa)

{Sin(a +k)a sin(a— kz)a]
a+k a—k ’
; {Sin(a +k)a  sin(a — k:)a}
a+k a—k ’
2m§(k — k') |

f(p) (mits f(p) differentiecerbaar in p) ,

(8 +1/2a)//a,

1-3-5--(2n—1
: (2a)(nn )\/7'('/& voor m >0,

[T
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n!
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(1) =o0!



